























SECOND-ORDER KODAIRA-SPENCER CLASSES FOR FAMILIES OF CURVES
VÍCTOR GONZÁLEZ-ALONSO AND SARA TORELLI
Abstract. In this paper we consider the problem of pointwise determining the fibres of the flat unitary
subbundle of a PVHS of weight one. Starting from the associated Higgs field, and assuming the base
has dimension 1, we construct a family of (smooth but possibly non-holomorphic) morphisms of vector
bundles with the property that the intersection of their kernels at a general point is the fibre of the
flat subbundle. We explore the first one of these morphisms in the case of a geometric PVHS arising
from a family of smooth projective curves, showing that it acts as the cup-product with some sort of
“second-order Kodaira-Spencer class” which we introduce, and check in the case of a family of smooth
plane curves that this additional condition is non-trivial.
1. Introduction
Consider a polarized variation of Hodge structures (PVHS) of weight one and rank 2g on a smooth
complex manifold B, which in particular consists of a short exact sequence of vector holomorphic
vector bundles on B
0 −→ E = E1,0 −→ H = VZ ⊗Z OB −→ E
0,1 −→ 0
together with a Gauß-Manin connection on H. The bundle E carries a natural (maximal) flat unitary
subbundle U ⊆ E which encodes many properties of the natural modular map B → Ag and its relation
to the (open) Torelli locus Tg := τ (Mg) ⊆ Ag of jacobian varieties.
In particular, it can be used to study the Coleman-Oort conjecture on the (non)-existence of Shimura
curves generically contained in Tg. For example, recently Lu and Zuo used some properties of U in
[LZ19] to prove that certain types of Shimura curves do not lie in Tg. Moreover, in the more recent
papers [CLZ16, CLZ18] together with Chen they proved that for too big or too small rank of U , the
map B → Ag does not describe a Shimura curve. In a slightly more general setting, the flat unitary
bundle U has been proven a very useful tool in the recent work of the second author with Ghigi and
Pirola [GPT19] to bound the dimension of the totally geodesic subvarieties of Tg ⊆ Ag.
In the geometric case, where the PVHS arises from a family of smooth projective complex curves of
genus g over a quasi-projective curve B, U arises from the second Fujita decomposition [Fuj78, CD17,
CK19]. Its rank is an important invariant that can be used to study Xiao’s conjecture on the relative
irregularity (see the recent papers of the authors in collaboration with Barja, Naranjo and Stoppino
[BGAN18], [GAST19]) and has also applications to the study of hyperelliptic fibrations [LZ17].
It is therefore very interesting to have tools to compute the rank of U as explicitly as possible. However,
since evaluating the Gauß-Manin connection involves knowing the sections of E in open subsets, no
direct characterization of the fibres Ub ⊆ Eb depending only on the point b is yet known, even if we
assume b ∈ B to be general. This makes the computation or even the estimation of the rank of U a
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difficult problem, which in the geometric case can be done directly only under special circumstances
(e.g. if the family of curves is supported in relatively rigid divisors, as developed by the first author
in [GA16]).
In the general case the first approach is by somehow “linearising” the Gauß-Manin connection on the
fibres: considering the associated Higgs field θ : E → E0,1⊗Ω1B, which by definition satisfies Ub ⊆ ker θb
for any b ∈ B (see (2.3) and Definition 2.1). The Higgs field is actually a homomorphism of holomorphic
vector bundles, and θb depends only of infinitesimal data around the point b. For example, in the
geometric case, θb is determined by the cup-product with the Kodaira-Spencer map of the infinitesimal
deformation of the corresponding fibre. Thus studying ker θb and in particular computing its rank is
a simpler task, and in the geometric case several techniques have been developed by the authors in
[BGAN18, GAST19].
Ghigi, Pirola and the second author prove that, if B ⊆ Ag contains one (real) geodesic curve, then
U = K. On the other hand, in the recent work [GAT20], the authors showed that U and K := ker θ
can be arbitrarily different also in the geometric case, so the results obtained by bounding the rank of
K can be very far away from the actual rank of U . Our aim in the present work is to construct new
linear conditions on the fibres Eb that define precisely Ub ⊆ Eb, at least for a general b ∈ B.
The main results of the paper are the following two theorems.
Theorem (2.8). Let dimB = 1. Then there are smooth morphism of vector bundles η(1), . . . , η(g−1) : E →
E0,1 such that for any α ∈ Γ (E) it holds
α ∈ Γ (U) ⇐⇒ θ (α) = η(1) (α) = η(2) (α) = . . . = η(g−1) (α) = 0.







with equality for b in a dense open subset B (in the euclidean topology).
Theorem (3.10). Let f : C → B be a family of smooth projective curves Cb = f
−1 (b) with dimB = 1.
For any b ∈ B let Kb ⊆ Eb = H
0 (ωCb) be the fibre of K on B, and µb ∈ H
1 (TCb) the second-order
Kodaira-Spencer class of Cb ⊆ C (Definition 3.7). Let
µ̂b : H
0 (ωCb)





Then Ub ⊆ Kb ∩ ker µ̂b.
It is worth to note that the additional morphisms of vector bundles in Theorem 2.8 are constructed





connection. If the base B of the family is actually a submanifold of Ag (or the Siegel upper-half space
Hg), this connection ∇
T is the restriction to B of the Levi-Civita connection of the Siegel metric.
Thus our construction hints again at a connection between the equality U = K and the existence of
geodesics inside B with respect to the Siegel metric.
Theorem 3.10 is partial characterization of Ub ⊆ Kb in the geometric case given by the cup-product
with a cohomology class µb arising from η
(1), which call second-order Kodaira-spencer class of the
fibre Cb in C because it depends on the second-order infinitesimal neighbourhood.
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The paper is organized as follows. In Section 2 we set up the main notations for PVHS, find an
intermediate characterization of the sections of U still depending on the Gauß-Manin connection
(Theorem 2.5) and we then define the vector bundles η(k) (Definition 2.6) that eventually lead to the
punctual characterization in Theorem 2.8.
In section 3 we adapt our set up to the geometric case and study deeper the homomorphism η(1).
We compute an explicit coordinate description that leads us to the Definition of the second-order
Kodaira-Spencer class µ in Definition 3.7. We finally show that, after projecting to K∨b , both µ and
η(1) impose the same condition and obtain thus Theorem 3.10.
In the final section 4 we implement the definition of µ for an arbitrary family of smooth plane curves,
and show that µ actually is in general independent of the first- order infinitesimal deformation (The-
orem 4.4), hence the additional restriction of Theorem 3.10 is non-trivial.
Acknowledgements: The authors would like to thank P. Frediani, A. Ghigi, L. Stoppino but most
of all G.P. Pirola for very useful and enlightening conversations around the topic.
2. Characterizing the sections of the flat unitary subbundle
In this section we first of all set up the notation we will use for PVHS of weight 1 and we recall the
definitions and some basic properties of two naturally associated objects: the flat unitary bundle U
and kernel sheaf K. Then we move on to the study of such objects. More precisely we aim to get a
better understanding of the natual inclusion U ⊆ K, which has been characterized only by conditions
of local kind so far. We present here our new results that allow to cut out U ⊆ K just by using linear
conditions.
We will denote by B a smooth complex manifold, with holomorphic tangent and cotangent bundles
TB and Ω
1
B. When necessary we will denote by TB,R and TB,C := TB,R ⊗RC the real and complexified
tangent bundles. Soon we will assume that dimB = 1, but the first definitions can be stated for any
dimension. We identify any holomorphic vector bundle F on B with its sheaf of holomorphic sections.
We will denote by A (F ) = F ⊗OB C
∞ (B) the sheaf of smooth sections of F , and more generally by
Ak (F ) (resp. Ap,q (F )) sheaf of smooth k-forms (resp. (p, q)-forms) with values in F .
We consider a polarized variation of Hodge structures (PVHS) of weight one (VZ, E,Q). Here VZ
is a local system of free abelian groups of rank 2g, E = E1,0 ⊆ H := VZ ⊗Z OB is a holomorphic
subbundle of rank g such that E⊕E = H (as C∞ vector bundles on B), and Q : VZ ⊗Z VZ → Z is the
polarization, i.e. a non-degenerate Z-bilinear map such that the Hodge metric h (u, v) = iQC (u, v)
is positive definite on E and E⊥ = E. In particular Q (or rather h) induces a holomorphic C-linear
isomorphism E∨ ∼= E0,1 := H/E, hence there is the short exact sequence of holomorphic vector
bundles
(2.1) 0 −→ E
ι1−→ H = V⊗C OB
π2−→ E∨ −→ 0
and a C∞ orthogonal direct sum decomposition H = E ⊕ E∨. I.e. there are C∞ morphisms of vector
bundles ι2 : E
∨ → H and π1 : H → E such that
(2.2) π1 ◦ ι1 = idE , π2 ◦ ι2 = idE∨ and ι1 ◦ π1 + ι2 ◦ π2 = idH .
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Being the vector bundle associated to a local system, H comes equipped with the Gauß-Manin con-
nection
∇GM : A (H) → A1 (H) = A1,0 (H)⊕A0,1 (H) ,




B on B. This connection is holomor-
phic, i.e. the (0, 1)-part is ∂H : A (H) → A
0,1 (H). Hence holomorphic sections of H are mapped to
holomorphic sections of H ⊗ Ω1B. Thus we will often also refer to the restriction ∇
GM : H → H⊗ Ω1B
as the Gauß-Manin connection of the PVHS.
The Higgs field of the PVHS is
(2.3) θ := π2 ◦ ∇
GM ◦ι1 : E → E
∨ ⊗ Ω1B,
which is OB-linear, i.e. a (holomorphic) morphism of vector bundles. Moreover θ is symmetric, in the
sense that θ∨ = θ ⊗ idTB : E ⊗ TB → E
∨.





⊆ ker∇GM = VC := VZ ⊗Z C.
The associated holomorphic vector bundle U := U⊗C OB ⊆ E is the flat unitary subbundle of E.
The kernel subsheaf is K := ker θ, the kernel of the Higgs field.
Note that by construction, it holds U ⊆ K.
Remark 2.2. Some remark about the use of subbundle and subsheaf.
(1) The flat subbundle U is actually a vector subbundle, namely the fibres of U have constant rank
and inject in the fibres of E, hence the quotient E/U is also a vector bundle.
(2) On the contrary the sheaves K and E/K are a priori only torsion-free (as subsheaves of the
locally free sheaves E and E∨ ⊗ Ω1B respectively). When dimB = 1, both K and E/K are
locally free, hence K ⊂ E is actually also a subbundle.
By definition, K is the kernel of a morphism of locally free sheaves θ, hence its fibre at a general point
b ∈ B is
Kb := K⊗ C (b) = ker
(







In particular the rank of K can be computed by studying the C-linear map θb at one general point
b ∈ B.
On the other hand, the Gauß-Manin connection is not OB-linear, hence the stalk of U (i.e. the fibre
of U) at any point b ∈ B depends a priori on the restriction of E ⊆ H to a neighbourhood of b.
The main result of this section is to show that, if dimB = 1 there is locally a family of C∞ symmetric
morphisms of vector bundles η(k) : E → E∨ whose kernels define U at a general point b ∈ B.
To do so, we need to consider various connections induced by ∇GM:
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Definition 2.3. Let ∇E and ∇E
∨
denote the connections
(2.4) ∇E = π1 ◦ ∇





= π2 ◦ ∇









Let also T := HomsOB (E,E

















for any α ∈ Γ (A (E)) , η ∈ Γ (A (T )) and X ∈ A (TB,C).
Note that, since π1 and ι2 are just C
∞ morphisms of vector bundles, ∇E,∇E
∨
and ∇T are not holo-
morphic connections. So in particular, even if α ∈ Γ (E) and X ∈ Γ (TB) are holomorphic, the section
∇EXα ∈ A (E) is not necessarily holomorphic.
The formula (2.6) defines ∇TXη as a morphism E → E
∨, and it is straightforward to check that it is
symmetric if η is.









. This means that
(2.7) ∇E α = ∇GM α ∀α ∈ Γ (K) .
In particular ∇E α is holomorphic if α ∈ Γ (K).
Moreover, if K ⊆ E is locally free (e.g. if dimB = 1), the formula (2.7) holds also for smooth sections
α ∈ Γ (A (K)).
Assume from now on that B ⊆ C is an open disk with coordinate t. Thus the tangent bundle
TB is globally generated by
∂
∂t , and contraction with
∂







∼= A0B. For any connection ∇ we denote by ∇t = ∇ ∂
∂t
the corresponding derivation in the
direction of ∂∂t .
We show now a characterization of the sections of U using the Higgs field and the iterations of ∇GMt .
This is the first step towards our punctual characterization of the sections of U .
Theorem 2.5. Let α ∈ Γ (E). Then it holds








α ∈ Γ (K) .
or equivalently

















Proof. One direction is clear: if σ1, . . . , σr ∈ Γ (U) is a basis of flat sections and α =
∑r
i=1 αiσi ∈








∂tn σi ∈ Γ (U) ⊆ Γ (K)
or every n ≥ 0.
For the other direction, for any n ≥ 0 let K′n ⊆ E be the smallest subsheaf generated by





6 VÍCTOR GONZÁLEZ-ALONSO AND SARA TORELLI
By definition it holds U ⊆ K′0 ⊆ K
′
1 ⊆ . . . ⊆ K
′





n ⊆ E the smallest




α, i ≥ 0.
Note that if K′n = K
′
n+1, then the chain stabilizes, i.e. K
′ = K′m = K
′




































































α ∈ Γ (K′n) for any m ≥ n. Since at each step of the ascending chain before
the stabilization the rank raises by 1 and rkE = g, it is clear that K′g−1 = K
′.
Now by construction it holds ∇GMt K




α ∈ Γ (K) for
every i = 0, 1, . . . , g− 1. We can then repeat the argument in [GPT19, Lemma 3.1] with K′ instead of
K and show that K′ = U , hence in particular α ∈ Γ (U). 
Note that in (2.8) we could have written ∇E instead of ∇GM because of Remark 2.4.
The vanishing conditions in (2.9) are still not defined fibrewise. In order to achieve this, we introduce
the following morphisms of vector bundles.
Definition 2.6. For any k ∈ N let η(k) : E → E∨ be the smooth symmetric morphisms (i.e. sections
of A (T )) defined recursively by
• η(0) := ι ∂
∂t
θ : E → E∨, and










for k > 0.
Remark 2.7. Note that η(0) is holomorphic, but the subsequent η(k) for k > 0 are in general only
smooth sections of T .
Theorem 2.8. Let α ∈ Γ (E). Then it holds
(2.10) α ∈ Γ (U) ⇐⇒ η(0) (α) = η(1) (α) = η(2) (α) = . . . = η(g−1) (α) = 0.







with equality for b in a dense open subset B (in the euclidean topology).
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Proof. By Theorem 2.5, after contracting with ∂∂t it is enough to show that the conditions


















(2.13) η(0) (α) = η(1) (α) = η(2) (α) = . . . = η(n) (α) = 0.








= 0 ∀ i+ j ≤ n.
It is obvious that (2.14) implies (2.12) (setting i = 0) and (2.13) (setting j = 0).
Suppose now that (2.12) holds, so that (2.14) holds for i = 0 and any j. In particular we have(
∇GMt
)j











We proceed by induction on i, assuming that (2.14) holds for a fixed i ≥ 0 and any j ≤ n − i. Then


















































= 0− 0 = 0
for any j ≤ n− (i+ 1), i.e. (2.14) holds also for i+ 1.
We finally show, by induction on j, that (2.13) implies (2.14). Indeed (2.13) is the case j = 0 of (2.14).
























= 0− 0 = 0
for any i ≤ n− (j + 1). This means that (2.14) holds for j + 1, which concludes the proof. 
We close this section putting our constructions in the context of totally geodesic submanifolds of the
Siegel upper-half space Hg (and of the moduli space Ag). Indeed by chosing a frame of VZ we obtain
(a lifting of) the period map γ : B → Hg, with the property that T = Hom
s (E,E∨) = γ∗THg and the
Higgs field can be interpreted as the differential of γ






Moreover, the conection ∇T coincides with the pullback of the metric Levi-Civita connection of the
Siegel metric in Hg.






non-vanishing tangent vector field along B ⊆ Hg. Moreover η
(1) = ∇Tt η
(0) is the covariant derivative
of η(0) along itself, and the η(k) are the subsequent derivatives.
Recall from the introduction that in some recent works Chen, Lu and Zuo but also many other authors
relate the rank of U with the property of B ⊆ Hg being totally geodesic. Of particular interest for
the present paper is the result by Ghigi, Pirola and the second author in [GPT19] that if B contains
one (real) geodesic, then U = K. The proof is basically consequence of [GPT19, Lemma 3.1] which we
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apply here to prove Proposition 2.5 in a slighlty more general version. Hence our Theorem 2.8 gives
a kind of linear information on that as it does for U ⊆ K as well.
3. Families of curves and geometric VHS
In this section we consider the tools of the previous section in the case of a geometric PVHS of weight
one, i.e. which arises from a family of smooth projective curves. We study in detail action of the first
additional vector field η(1) in terms of the coordinate expressions of the relative 1-forms. In particular,
we define a cohomology class µ of the tangent bundle of each fibre, which acts almost like η(1) and also
gives a second linear condition for U ⊆ K. These classes µ depend on the second-order neighbourhood
of the fibres and we call them second-order Kodaira-Spencer class of the deformations.
To be precise, we consider a smooth family of projective curves f : C → B over a smooth complex
manifold B. We denote by Cb = f
−1 (b) the curves of the family, all of which have the same genus g.
We have then the mutually dual short exact sequences of vector bundles on C





∼= ωC/B −→ 0
(3.2) 0 −→ TC/B −→ TC −→ f
∗TB −→ 0.
The Hodge structures of the fibres Cb form a geometric PVHS
0 −→ f∗ωC/B −→ R
1f∗ZC ⊗Z OB −→ R
1f∗OC −→ 0,
i.e. we have VZ = R
1f∗ZC, E = f∗ωC/B and the polarization Q is induced by the cup product on the
H1 (Cb,Z).
The Higgs field is the connecting homomorphism




obtained by pushing forward the short exact sequence (3.1).







→ H1 (Cb,OCb) ⊗ T
∨
B,b is given by cup- and interior
product with the Kodaira-Spencer map KSb : TB,b → H
1 (Cb, TCb). More explicitly, for every v ∈ TB,b
the class ξv := KSb (v) ∈ H
1 (TCb) corresponds to the first order deformation of Cb inside C in the
direction of v, and it holds
(3.3) θb (α) (v) = ξv · α ∈ H
1 (Cb,OCb) .
In particular, for general b ∈ B it holds















The interpretation of the Higgs field as the connecting homomorphism of the push-forward of (3.1)
gives the following interpretation of the local sections of K: if V ⊆ B is an open ball, then








f−1 (V ) , ωC/B
))
,
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namely sections of K over V correspond to families of holomorphic 1-forms on the fibres Cb arising as
restrictions of a common holomorphic 1-form on f−1 (V ). With this in mind, Pirola and the second
author proved in [PT20] that








f−1 (V ) , ωC/B
))
,
where Ω1C,d := ker
(




is the sheaf of closed holomorphic 1-forms on C. In other words, the
flat sections of E correspond to families of 1-forms on the fibres arising as restriction of a common
closed holomorphic 1-form on f−1 (V ).
The closedness condition still cannot be checked on a given fibre Cb fibre, but only on an open
neighbourhod. In order to characterize Ub just from infinitesimal data of Cb inside C we need to
understand the homomorphisms η
(k)
b : H
0 (ωCb) → H
1 (OCb) induced by the η
(k) from Definition 2.6
in this geometric case. In this paper we will focus in the case k = 1, i.e. the first additional linear
condition.
Although the η(k) were defined for dimB = 1 with a global coordinate t, we will make some preliminar
computations in a more general setting, where B ⊆ Cr is an open ball with coordinates (t1, . . . , tr).
Since the family is assumed to be smooth, around any point P ∈ C we can find a function x such that
(x, t1, . . . , tr) is a coordinate system around P . This means, the map f is given by (x, t1, . . . , tr) 7→
(t1, . . . , tr) and x restricts to a local coordinate on the fibres Cb. In this setting f
∗Ω1B is (globally)
generated by {dt1, . . . , dtr} and Ω
1
C resp. ωC/B are locally generated by {dx, dt1, . . . , dtn} resp. dx. If



















can be interpreted as a holomorphic section (on C)
of ωC/B . According to the previous discussion, α can be locally written as a (x, t1, . . . , tr) dx with a
holomorphic coefficient function a. If a′ (x′, t1, . . . , tr) dx
′ is another local expression of α, it holds then
a = a′ ∂x
′
∂x . The same holds for a smooth section α ∈ Γ (A (E)), with the only additional condition
that the local smooth function a should be holomorphic on x, i.e. ∂a∂x = 0.





, with local expression
(3.9) α̃ = a (x, t1, . . . , tr) dx+
r∑
i=1
ci (x, t1, . . . , tr) dti.
Even if α is holomorphic, so that the function a is holomorphic by assumption, the additional coefficient
functions c1, . . . , cr are a priori only smooth functions. Actually, they can be chosen to be holomorphic
if and only if α is a (holomorphic) section of K, but not otherwise.
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More generally, any smooth section α of H = R1f∗ZC⊗ZOB can be represented by a 1-form α̃ ∈ A
1 (C)





∈ H1 (Cb,C) .
In the case of sections of E the closedness condition dα̃|Cb = 0 is automatically satisfied.
In order to obtain a precise description of the action of η(1), we first need some explicit description of
the connection ∇T, for which in turn we need some explicit expression for the Gauß-Manin connection.










∈ H1 (Cb,C) ,
where
(1) X ∈ Γ (B,A (TB,C)) is any smooth (complex) vector field on B,
(2) χ is a smooth vector field on C that descends to X, i.e. a C∞ lifting of X under the short
exact sequence
(3.11) 0 −→ TC/B,C −→ TC,C
df
−→ f∗TB,C −→ 0
(3) α is any smooth section of H, represented by a 1-form α̃ ∈ A1 (S) with dα̃|Cb = 0 for any





(4) In particular, if α is a section of E, we can assume α̃ ∈ A1,0 (C).
In this setting, we look now for an explicit description of ∇T. It is enough for our purposes to
understand the action of ∇T on the homomorphisms E → E∨ arising from the Higgs field θ. For the
sake of simplicity, we introduce the following notations.
Definition 3.1. For each i = 1, . . . , r let:
(1) ξi := ι ∂
∂ti
θ : E → E∨, which are holomorphic homomorphisms of vector bundles, and
(2) χi ∈ A (TC), a smooth vector field on C descending to
∂
∂ti
. In an open subset V of C with
coordinates (x, t1, . . . , tr) it can be written as







for a certain smooth function Zi : V → C.























We present now a step by step computation, since we need to define some additional functions at some
intermediate steps, and summarize the result into a formal statement at the end.
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Let α̃ = adx+
∑n





= A1,0 (C) be a representative of α. Chosen the vector fields χk,
there is an obvious choice ck = −aZk for every k = 1, . . . , r, which we will use later on. But for the
sake of simplicity of notation, we will use ck for the moment.















































































We now need to split ∇GMξi α into its parts of type (1, 0) and (0, 1), namely ∇
E
ξi
















:= (βi + dϕi)|Cb are harmonic for every b ∈ B.
These functions ϕ1, . . . , ϕr exist by general theory and are well defined up to constants depending on








































































represents ξi (α) as a section of H by means of the splitting ι2 : E
∨ →֒ H.
Remark 3.3. Indeed, ξi (α) as a section of E
∨ can also be directly represented by β0,1, i.e.

















where the last equality follows by taking ci = −aZi, or by adding ∂ (aZi + ci)|Cb = ∂ (intχi α̃)|Cb .





∈ H1 (TCb) (by







(TCb) is represented in Dolbeault cohomology by the













. This last expression can also be obtained directly from the Dolbeaut con-
struction of the connecting homomorphism in coholomology of the exact sequence (3.2).
It remains now to apply (3.10) again, keeping just the terms in dx (since every other term vanishes




∼= H0,1 (Cb) = E
∨





























































































































































































































































We can obtain a much nicer formula if we change the representative in H1
∂
(OCb) by adding the ∂
exact form ∂ (χi (ϕj) + χj (ϕi))|Cb . In the chosen local coordinates we have























Thus substracting ∂ (χi (ϕj) + χj (ϕi))|Cb from (3.16) we obtain the following
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where the globally defined functions ϕi, ϕj : C → C are as in Definition 3.2.
We restrict ourselves now to the case where dimB = 1 and B has a global coordinate t. In this case
we have only one ξ = η(0) = ι ∂
∂t
θ and η(1) = ∇T∂
∂t
ξ, and we write Z for the function such that the




∂t . In this setting Theorem 3.4 immediately gives:






























where ϕ : C → C is a smooth function satisfying the analogous condition as in Definition 3.2.
The fact that in (3.18) we can group many terms with a common factor a is not casual, since actually
these terms come from a well-defined (0, 1)-form with values in TCb
























Proof. Let V, V ′ ⊆ C be two open subsets with coordinates (x, t) and (x′, t′), where t = t′ is the
coordinate giving the fibration f : C → B. Note that although t = t′, the vector fields ∂∂t on V and
∂
∂t′
on V ′ are different on V ∩ V ′, since the are defined depending on the remaining coordinates x resp.




































where g = ∂x
′
∂x and h =
∂x′





























∂t′ be the local expression of χ in V ∩V
′ with respect to both systems
of coordinates. From (3.20) it follows that
(3.22) Z ′ = Zg + h
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Thus the expression defining µ does not depend on the choice of coordinates (x, t) as wanted. 
Definition 3.7. We call the class [µb] ∈ H
1
∂
(TCb) second-order Kodaira-Spencer class of Cb ⊆ C.
Remark 3.8. Here some comments on the classes µb.
(1) There is the following very good motivation to the name: ss already mentioned in Remark 3.3,







depends only on the first-order infinitesimal neighbourhood of Cb in C. Thus µ depends only
on the second-order infinitesimal neighbourhood of Cb in C, because of the term
∂2Z
∂x∂t .
(2) The classes µb have been defined pointwise. Although their definition suggest that they depend
smoothly on b ∈ B (or even possibly holomorphically, as the classes ξb do), it is not yet clear
to us how to prove this. Indeed the first-order Kodaira-Spencer classes ξb can be gathered into
a holomorphic section of R1f∗TC/B given by the connecting homomorphism of pushing-forward
the short exact sequence (3.2). It would be interesting to obtain such a description of the
classes µb.
(3) Recall from the end of Section 2 that in the case the induced period map γ : B → Mg → Ag
(or one lifting to the Siegel upper-half space Hg) is an embedding, we can think of η = η
(1) as
the covariant derivative of the tangent vector field to B along itself. We can then decompose
η = ηT + ηN , wher ηT is tangent to Mg, and ηN is normal. Since T[Cb]Mg = H
1 (TCb), the µb
also form a (possibly not even continuous) vector field along B tangent to Mg, and it would
be very interesting to compare both vector fields.











. More precisely, we consider its action on any
form α′b ∈ Kb.
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Lemma 3.9. For any α′b ∈ ker
(
ξb : H





η(1) (α)b − µb · αb
)
· α′b = 0 ∈ H
1 (ωCb)
∼= C.





Considering Dolbeaut cohomology, it holds ξb · α
′
b = 0 if and only if there is a global smooth function
γ : Cb → C such that ∂γ =
∂Z
∂z adx. In this case we can write
(
η(1) (α)b − µb · αb
)













∼= H2dR (Cb,C) .




is d-exact, and the claim follows. 
With Lemma 3.9 at hand, we can now state the main result of this section regarding additional
conditions defining the fibres of U .
Theorem 3.10. For any b ∈ B let Kb ⊆ Eb = H
0 (ωCb) be the fibre of K on B, and µb ∈ H
1 (TCb)
the second-order Kodaira-Spencer class of Cb ⊆ C. Let
µ̂b : H
0 (ωCb)





Then Ub ⊆ Kb ∩ ker µ̂b.
Proof. Let ξb ∈ H
1 (TCb) be the first-order Kodaira-Spencer class at b. In general we have Kb ⊆









Finally from Theorem 2.8 we have
Ub ⊆ Kb ∩ ker η
(1)
b ⊆ Kb ∩ ker µ̂b.

4. Families of plane curves
In this section we consider the special case of a smooth family of plane curves over a disk 0 ∈ B ⊂ C.
We find a more explicit formula for µ in terms of the defining polynomials and in particular we see
that at a general point µb and ξb can be different, hence µ induces a non-trivial additional condition.
We start fixing some notations and recalling general facts about the tangent and normal bundles of
smooth plane curves. Recall that the tangent bundle of P2 fits into the Euler exact sequence






−→ TP2 −→ 0,









. In particular TP2 is
globally generated by the sections Yj
∂
∂Yi
with i, j = 0, 1, 2. Moreover on the standard open set Vj ={
[a0 : a1 : a2] ∈ P
2 | aj 6= 0
}
∼= C2 with affine coordinates yi/j :=
Yi
Yj
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Let F (Y0, Y1, Y2) ∈ C [Y0, Y1, Y2] be a homogeneous polynomial of degree d defining a smooth projective
curve
C = V (F ) = {[a0 : a1 : a2] | F (a0, a1, a2) = 0} ⊆ P
2,
i.e. such that
V (F0, F1, F2) =
{
[a0 : a1, a2] ∈ P
2 | F0 (a0, a1, a2) = F1 (a0, a1, a2) = F2 (a0, a1, a2) = 0
}
= ∅




The normal bundle satisfies NC/P2 ∼= OC (d), and fits in the exact sequence
(4.1) 0 −→ TC −→ TP2|C
ν
−→ OC (d) −→ 0,







= YjFi|C ∈ H
0 (C,OC (d)).
We now consider the cover of C by the open subsets
Vi/j := {[a0 : a1 : a2] ∈ C | aj 6= 0, Fk (a0, a1, a2) 6= 0}
where k denotes the remaining index, i.e. {i, j, k} = {0, 1, 2}. The implicit function theorem applied







is a local coordinate for C around every point P ∈ Vi/j




























Note that, although xi/j is in general not a global coordinate on Vi/j , the associated derivation at
every P ∈ Vi/j defines the vector field (4.2) defined on the whole Vi/j.
The first connecting homomorphism of the long exact sequence of cohomology of (4.1) gives a linear
map




∼= C [Y0, Y1, Y2]d / (F ) ։ H
1 (TC) ,
whose kernel is the degree d part of the jacobian ideal J (F ) := (F0, F1, F2) ⊆ C [Y0, Y1, Y2].





, we want to give a more explicit
description of δG|C ∈ H
1 (TC) in terms of Dolbeaut cohomology. To this aim note first that on Vi/j














is a C∞ partition of unity such that
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However we would like to have a more explicit description of ∂σ in terms of the generator ∂∂xi/j
of TC
on Vi/j . For this we set
(4.5) ρij = ρi/j + ρj/i.
Lemma 4.1. The class δG|C ∈ H

































































































































































































where in the last equality the Euler identity Y2F2 + Y1F1 + Y0F0 = dF has been used to prove the
vanishing of the last summand. 
We come now to families. Let B ⊆ C be the unit disk and R = OC (B) the ring of holomorphic func-
tions on B. A family of plane curves of degree d over B is defined by F (Y0, Y1, Y2, T ) ∈ R [Y0, Y1, Y2]d,
a homogeneous polynomial of degree d on Y0, Y1, Y2, and where T denotes the coordinate of B. The
family is then defined by
S =
{
([a0 : a1, a2] , b) ∈ P
2 ×B | F (a0, a1, a2, b) = 0
}
⊆ P×B,
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with π : S → B given by the projection onto the second factor.
We assume moreover that for every b ∈ B the polynomial F (Y0, Y1, Y2, b) ∈ C [Y0, Y1, Y2] defines a
smooth curve Cb in P
2 × {b}, i.e
{
([a0 : a1, a2] , b) ∈ P
2 ×B | F0 (a0, a1, a2, b) = F1 (a0, a1, a2, b) = F2 (a0, a1, a2, b) = 0
}
= ∅,
In analogy with the previous notation, we set FT =
∂F


















We extend the previous notation for the open subsets Ui =
{
([a0 : a1, a2] , b) ∈ P





Vi/j = {([a0 : a1 : a2] , b) ∈ S | aj 6= 0, Fk (a0, a1, a2, b) 6= 0} .




and ti/j := T|Vi/j are local coordinates around every P ∈ Vi/j , and the projection
π : S → B is given by ti/j .


























































with supp ρi/j ⊆ Vi/j , we can construct a C
∞ vector






















In order to compute the local expressions of µ in the Vi/j with this choice of χ, we first need to compute
the local expressions of χ, i.e. the functions Zi/j such that χ|Vi/j = Zi/j
∂
∂xi/j
+ ∂∂ti/j . As in the case of
one curve, we set ρi,j = ρi/j + ρj/i for i 6= j.

















Proof. As in the proof of Lemma 4.1, for the sake of simplicity we show the case i = 0, j = 2.
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Thus it just remains to show that the last summand vanishes, which follows again using the identities























































is represented by ∂χ|Cb,
























= δFT |Cb is given by the first derivative of the defining equation
on the parameter T , as expected.
We are now ready to compute the local expression of µb for any b ∈ B.
Theorem 4.4. For any b ∈ B, the form µb ∈ A

















where the function A depends only on first and second derivatives of F different from FTT .
Proof. Expand the expression (3.19) with Z as in (4.9) with i = 0 and j = 2. 
Thus the second-order Kodaira-Spencer class depends explicitly on δFTT |Cb , and other terms involving
the first-order Kodaira-Spencer class and other derivatives of the defining equation. In any case, this
direct dependancy on FTT shows that µb is in general independent of the first-order Kodaira-Spencer,
hence the condition obtained in Theorem 3.10 is non-trivial.
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